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USING FUZZY LOGIC TO ASSESS STUDENTS’ 

MATHEMATICAL KNOWLEDGE 

Abstract: Assessing students’ mathematical knowledge informs students, 

educators, and parents about students’ mathematical competencies. In Italy, some 

students receive both written and oral grades in mathematics at the end of the first 

semester, which are then averaged for a final grade. The possibility of applying 

fuzzy logic, which has been widely used to deal with uncertain or verbal 

descriptions, to this process has not yet been explored extensively. In the present 

contribution, we consider a sample of N = 47 Italian high school students, and 

analyze two fuzzy combinations of their mathematics grades. Students’ 

hypothetical grades produced with the center-of-gravity defuzzification method 

are lower than students’ grades in their report cards, while the mean-of-maxima 

defuzzification method produced grades that are statistically higher than the 

students’ original grades. Implications are discussed, leading to suggestions for 

assessment research. 

Keywords: assessment, defuzzification, fuzzification, fuzzy logic. 

INTRODUCTION 

Assessing students’ knowledge is a key aspect of every pedagogical process, 

since students, teachers and parents all value information about students’ knowledge 

and abilities (Felda, 2018; Menéndez et al., 2019; Zhao et al., 2018). This is 

particularly true for mathematics, as people cannot fully function in today’s society 

without mathematical knowledge (Felda & Cotič, 2012). There are many ways to 

assess students’ mathematical knowledge (Patterson et al., 2020), but the possibility 

of using fuzzy logic in the assessment of mathematical knowledge has not yet been 

explored much. 
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Fuzzy logic is related to formal logic. It aims to describe, in a mathematically 

precise way, quantities which are normally verbal or imprecise (Bai & Wang, 2007). 

Normally, students’ grades, despite being reported using a numerical scale, are a 

description of the level of knowledge acquired by students. Accordingly, we might 

consider them as numerical values associated with verbal descriptions such as 

“good”, “excellent”, “sufficient”, etc. Thus, dealing with grades actually means 

dealing with imprecise quantities. For instance, let us consider the following 

situation: one student gets 50.1% in his/her test, and the other one scores 49.9%. 

Considering 50.0% to be the minimum to pass the course, we might state that the 

first student would pass, while the other one would not, despite there being a 

difference of only .2% between their scores. Hence, despite the clear criteria, the 

differences in knowledge between the two students are so small that the proposed 

grading system is unfair (Ivanova & Zlatanov, 2019). Therefore, fuzzy logic may be 

preferable for assessing students’ knowledge in a more objective and fairer way 

(Amelia et al., 2019; Voskoglou, 2013). 

Assessment by fuzzy logic is not a new idea, since it has been studied, tested, 

and described by several researchers (Bjelica & Rankovic, 2010; Kumari et al., 

2017; Meenakshi & Pankaj, 2015; Namli & Şenkal; 2018; Petrudi et al., 2013; Saliu, 

2005; Semerci, 2004; Yadav et al., 2014). However, little is known about its 

applicability to knowledge assessment in Italy and whether fuzzy logic could 

provide an alternative to traditional Italian assessment practices. 

In the present paper, we aim to investigate the possibility of using fuzzy logic 

for assessing students’ mathematical knowledge in Italian high schools. We tested 

our model, which consists of taking students’ oral and written grades in mathematics 

and combining them using fuzzy logic, on a sample of N = 47 Italian high school 

students. 

THEORETICAL FRAMEWORK 

The Italian context 

Grades in Italian high schools range from a minimum of 1 to a maximum of 

10, which represents excellence. Grades from 1 to 5 are failing grades, and those 

from 6 to 10 are passing grades (DLgs 62/2017). According to the Italian Law (RD 

653/1925; DLgs 297/1994), students’ final grades are determined by the so-called 

Class Council (“Consiglio di Classe”), which consists of all the teachers that teach a 

specific class, based on the suggestions of the subject teacher. 

The School Council (“Collegio Docenti”), which consists of all the teachers 

from a school, decides on the way in which the grades are computed (RD 653/1925). 

For mathematics, there are two categories of grades, namely written and oral grades 

(CM 94/2011). Written grades include all the grades of the so-called “compiti in 



Doz, D., Felda, D., Cotič, M.: Using Fuzzy Logic to Assess Students’ Mathematical... 

„Наука и образовање – изазови и перспективе” • стр. 263–278 

 

265 

 

classe” (“class tests”), that is, written tests considered to be official school 

documents. Oral grades, on the other hand, include all oral assessments, portfolios, 

assignments, and other written tests that are not legally recognized as “compiti in 

classe”. In some schools, students receive two mathematics grades separately at the 

end of the first semester (i.e., a written and an oral grade), while in other schools 

students receive only one of these two grades. At the end of the school year, students 

receive a single grade, which is a weighted average of all the available grades (DLgs 

297/1994). 

Fuzzy logic 

In 1965, the Iranian mathematician Lotfi A. Zadeh developed the so-called 
“fuzzy logic” (Zadeh, 1965), to mathematically deal with uncertain quantities, 
normally verbal descriptions (Bai & Wang, 2007). 

The main concept of fuzzy logic is the idea of the “fuzzy set” and, related to 
this, the concept of “membership functions”. Membership functions determine the 
levels of membership of a certain element in a set. In classical logic, an element will 
be part of a set or not; there is no other possibility. For instance, the element x can 
belong to set A (𝑥 ∈ 𝐴) or not (𝑥 ∉ 𝐴): there is no possibility for x to be partially in A. 

In fuzzy logic, on the other hand, the sharp set boundaries are “softened”, 
allowing elements to belong partially to a set. The level of its membership in a set is 
determined by the membership function (Yadav et al., 2014). An element x might 
thus have a level of membership in set A equal to 0.6, and a membership in B equal 
to 0.5. 

Formally, we define a fuzzy set in the following way. Let U be the universal 

set (the set of all the elements under consideration) and let μ
𝐴

: 𝑈 ⟶  0,1  be the 

membership function that associates each element of the universal set with its of 

membership in the set A. Accordinlgy, the set  𝐴 = { 𝑥, μ
𝐴
 𝑥  , 𝑥 ∈ 𝑈} is called a 

fuzzy set. 

The membership function is defined by the user (Ivanova & Zlatanov, 2019). 
There are several families of membership functions that are most used, such as 
(Yadav et al., 2014): 

 triangular function (a < b < c): 

Tri  𝑥, 𝑎, 𝑏, 𝑐 =

 
 
 

 
 

0 𝑥 ≤ 𝑎, 𝑥 ≥ 𝑐
𝑥 − 𝑎

𝑏 − 𝑎
𝑎 < 𝑥 < 𝑏

𝑐 − 𝑥

𝑐 − 𝑏
𝑏 ≤ 𝑥 < 𝑐
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 trapezoidal function (a < b < c < d): 

 

Trap  𝑥, 𝑎, 𝑏, 𝑐, 𝑑 =

 
 
 

 
 

0          𝑥 ≤ 𝑎, 𝑥 ≥ 𝑑
𝑥 − 𝑎

𝑏 − 𝑎
    𝑎 < 𝑥 ≤ 𝑏

1          𝑏 < 𝑥 ≤ 𝑐
𝑑 − 𝑥
𝑑 − 𝑐

  𝑐 < 𝑥 ≤ 𝑑

.  

In real-life applications of fuzzy logic, we follow the following phases, which 

represent the so-called “fuzzy process” (Yadav et al., 2014; see Figure 1): 

1. fuzzification: we convert “crisp” (i. e. precise) values into fuzzy values via 

the membership function; 

2. inference: we use a set of inference rules, set by the user, to convert fuzzy 

input values into fuzzy output values; 

3. defuzzification: we convert fuzzy output values into crisp output values. 

 

Figure 1. The fuzzy process 

The first phase of the fuzzy process represents the fuzzification of crisp input 

data, i. e. data that are measured or collected in the real-world situation (e.g. 

temperatures, opinions about something, students’ grades, etc.). This phase 

comprises two steps (Bai & Wang, 2007): 

1. determine the membership functions for both the input and output data; 

2. map crisp data onto fuzzy values. 

The conversion of crisp data into fuzzy ones is carried out by means of the 

chosen membership functions. Membership functions have different shapes and are 

chosen by the user, which bases the decision on the output (Bai & Wang, 2007). 

Crisp 
input data

FUZZIFI-
CATION

Inference DEFUZZIFI-
CATION

Crisp 
output 
data
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Secondly, after fuzzifying the crisp data, we need to define the inference 

rules, which are logical sequences of the form IF–THEN. These rules are defined by 

the user and are based on everyday experience (Bai & Wang, 2007). For instance, 

we might say that IF the student’s grade is 8, THEN the student is “good”. 

The last step is the defuzzification of the data. The result of the inference 

step, which is normally a verbal description, combines fuzzy input data and needs to 

be converted into crisp data for interpretation. There are several methods of 

defuzzification, the most used of which are the following (Bai & Wang, 2007): 

– Mean of Maximum (MoM), which is defined as: 

 

MoM 𝐴 =
1

 𝑇 
⋅  𝑥

𝑥∈𝑇

, 

where 𝑇 = {𝑥: μ
𝐴
 𝑥 = maximal grade of membership} is the set of all data x which 

have the maximal grade of membership, and  𝑇  is the cardinality of the set (i.e., its 

number of elements); 

– Center of Gravity (CoG), which is defined as: 

 

CoG 𝐴 =
 μ

A
 x x ⋅ x

 μ
A
 x x

. 

ASSESSING STUDENTS’ KNOWLEDGE                                                         

WITH FUZZY LOGIC 

Fuzzy logic has already been used to assess students’ knowledge and several 

models have been proposed. Petrudi and colleagues (2013) present a model for 

determining the students’ final grade from two written exams (Exam 1 and Exam 2) 

and a practical exam (Exam 3). The exam scores were fuzzified using triangular 

membership functions. By analyzing the achievements of 20 students, the 

researchers found that the fuzzy process tended to centralize the grades, i.e. to make 

them follow the Gaussian normal curve, producing lower grades for better-achieving 

students, while grading lower-achieving students more leniently. 
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Saliu (2005) proposed a similar model of assessing students’ knowledge by 

considering also other factors such as students’ laboratory activities. Students’ 

achievements were fuzzified using generalized bell-shaped membership function (of 

the form  

𝑓 x =  1 +  
x−c

a
 

2𝑏
 

−1

), and final grades were obtained with the CoG method. In 

an experiment conducted with 33 students, the grades obtained with the fuzzy 

process were similar to those obtained by the classical grading methods. 

Meenakshi and Pankaj (2015) considered a model which includes three 

elements – lecture attendance, internal examination, and external examination. In a 

sample of 54 students, no statistically significant differences were found between the 

traditional grades and those obtained with the fuzzy process. 

Similarly, Namli and Şenkal (2018) combined students’ grades and lecture 

attendance. They found that the fuzzy process produced significantly higher grades 

than the traditional method. 

Those results are in accordance with the findings of Semerci (2004), who 

found that the average grade of students graded with the fuzzy process is 

significantly higher than the average of students graded with the traditional methods. 

Nevertheless, these two variables are positively and statistically significantly 

correlated. 

Moreover, fuzzy logic permits teachers to assess their students in a more 

objective way, since it includes more factors (Bjelica & Rankovic, 2010). On the 

other hand, Semerci (2004) also presented some negative aspects of using fuzzy 

logic for assessing students’ knowledge, which include the following: 

– inference rules are defined on the basis of personal experience; 

– the membership functions are also defined on the basis                                              

of personal experience. 

From the abovementioned limitations, we understand that, while interpreting 

results produced with the fuzzy logic process, additional attention should be paid to  

a critical interpretation of the data and outputs. 

  



Doz, D., Felda, D., Cotič, M.: Using Fuzzy Logic to Assess Students’ Mathematical... 

„Наука и образовање – изазови и перспективе” • стр. 263–278 

 

269 

 

 

THE PROPOSED MODEL 

In the present paper, we consider a model that produces a final grade by 

incorporating the students’ oral and written grades (Figure 2). First, we will 

transform the written and oral grades into fuzzy grades, combine them using an 

inference rule, and then obtain the students’ final crisp grade by means of 

defuzzification. 

 

 

Figure 2. Scheme of the proposed model 

EMPIRICAL STUDY 

Aims of the research 

The aim of the present paper is to analyze a novel method of assessing 

students’ mathematical knowledge with fuzzy logic. Our goal is to generate 

students’ final grades from two inputs: (1) students’ written grades and (2) students’ 

oral grades. Our research questions are the following: 

RQ1: How do the CoG hypothetical grades differ from school grades? 

RQ2: How do the MoM hypothetical grades differ from school grades? 

RQ3: Is there any difference between the CoG and MoM hypothetical grades? 

  

Final gradeFuzzy logic

Oral grade

Written grade
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METHODOLOGY 

To answer our research questions, we used a non-experimental, quantitative 

research method. 

Sample 

In this study, we considered a random sample of N = 47 students in an Italian 

high school in the province of Trieste where Slovene is the language of instruction. 

Among them, 32 (68.1%) were males and 15 (31.9%) were females. 22 (46.8%) 

were 1
st
 year students, 18 (38.3%) were 3

rd
 year high school students, and 7 (14.9%) 

were 4
th

 year high school students. The average age of the students was M = 15.4 

(SD = 1.21; min = 14; max = 18). 

Data collection 

Data were retrieved from the official school registers, after obtaining 

students’ (or their parents’, if the students were minors) written informed consent 

and the school principals’ written consent. 

Procedure 

In the present subsection, we present the procedures for the fuzzification, 

inference, and defuzzification of crisp data. The membership functions for the 

written and oral grades are defined to cover five levels: extremely low, low, average, 

good, very good. Table 1 presents each membership function (cf. Petrudi et al., 

2013; Yadav et al., 2014), shown graphically in Figure 3. 

Table 1. The definition of the membership functions for students’                        

written and oral grades 

Level Membership function 

Extremely low (EL) Trap  𝑥, 1, 1, 2, 4  

Low (L) Tri  𝑥, 2, 4, 6  

Average (A) Tri  𝑥, 4, 6, 8  

Good (G) Tri  𝑥, 6, 8, 10  

Very good (VG) Tri  𝑥, 8, 10, 10  
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Figure 3. Graphical representation of the membership functions                                                  

for teachers’ grade 

Table 2 presents the inference rules used to combine the two partial grades 

(cf. Petrudi et al., 2013; Yadav et al., 2014). 

Table 2. The inference rule used 

 Written grade 

EL L A G VG 

Oral grade 

EL EL EL L L A 

L EL L L A A 

A L L A G G 

G L A G G VG 

VG A G G VG VG 

The defuzzification process also requires a membership function, which is the 

same as presented in Table 2; we will use both the CoG and MoM defuzzification 

methods. The defuzzified grades were then rounded to the nearest integer; this 

represents the students’ hypothetical grade. In the following sections, “CoG 

hypothetical grades” denotes the outcomes obtained with the CoG defuzzification 

method and “MoM hypothetical grades” denotes those obtained with the MoM 

method. 
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Data analysis 

Students’ final grades were computed using the MATLAB R2020b Fuzzy 

Logic Toolbox, which is widely used in fuzzy logic research (Sharma & Obaid, 2020). 

Statistical analysis was performed using the Jamovi software. We used the 

Shapiro-Wilk test to inspect the distributions’ normality. However, since they were 

found to deviate significantly from the normal distribution, non-parametric tests 

were used. We used the Wilcoxon W-test for paired samples to compare two 

variables, and Spearman’s ρ correlation coefficient. Whenever possible, we present 

the effect size (rank biserial correlation r). 

RESULTS 

Students’ grades 

Raw data were screened for a more complete picture about students’ school 

achievements. First, students’ written grades were analyzed. The mean of these 

grades was M = 8.32 (SD = 1.82; min = 3; max = 10), with a median of Mdn = 9. 

The Shapiro–Wilk test of normality showed that these data depart significantly from 

normality (W = .825; p < .001). Second, students’ oral grades were analyzed. The 

mean oral grade was M = 7.96 (SD = 1.89; min = 1; max = 10), with a median of 

Mdn = 8. The Shapiro–Wilk test for normality indicated that these grades are not 

normally distributed (W = .850; p < .001). Finally, students’ final grades were 

examined, these being the grades that students got in their report cards at the end of 

the first semester. The mean final grade was M = 8.13 (SD = 1.86; min = 2; max = 

10), with a median of Mdn = 9. The Shapiro–Wilk test showed that the final grades 

are not normally distributed (W = .855; p < .001). 

With the Wilcoxon test for paired samples, we checked that the oral grades 

are generally lower than students’ written grades (W = 271.5; p = .038; effect size r 

= .437). The differences, however, are statistically non-significant (W = 47.5; p = 

.063; effect size r = - .444). Similarly, the students’ final grades are lower than their 

written ones, but these differences are also statistically non-significant (W = 90.0; p 

= .079; effect size r = .500). 

An additional analysis has shown that students’ final grades are correlated 

highly positively and statistically significantly to both their oral grades (ρ = .946; p 

< .001) and their written grades (ρ = .863; p < .001). Moreover, students’ oral and 

written grades are also moderately correlated (ρ = .780; p < .001). 
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COG FUZZY LOGIC AND HYPOTHETICAL GRADES 

Following the procedure described above, we calculated the students’ 

hypothetical grades with the CoG method and rounded the resulting real number to 

its closest integer. The mean of the hypothetical grades was M = 7.77 (SD = 1.64; 

min = 2; max = 9), with a median of Mdn = 8. Hypothetical grades are not normally 

distributed (W = .675; p < .001). 

Moreover, hypothetical grades are highly and positively correlated with all 

three of the final grades (ρ = .876; p < .001), oral grades (ρ = .822; p < .001), and 

written grades (ρ = .915; p < .001). Hypothetical grades are generally lower than 

students’ final grades (W = 90.0; p = .002; effect size r = - .586) and written grades 

(W = 66.0; p < .001; effect size r = - .765). However, there are no statistically 

significant differences between hypothetical grades and students’ oral grades (W = 

170.0; p = .161; effect size r = - .269). 

MOM FUZZY LOGIC AND HYPOTHETICAL GRADES 

Following the procedure described earlier, we also calculated the students’ 

hypothetical grade using the MoM defuzzification method and then rounded the 

found real number to its closest integer. The mean hypothetical grade was M = 8.32 

(SD = 2.05; min = 1; max = 10), with a median of Mdn = 9. Hypothetical grades are 

not normally distributed (W = .768; p < .001). 

Further analysis confirmed that hypothetical grades are highly and positively 

correlated with students’ written grades (ρ = .954; p < .001), their oral grades (ρ = 

.875; p < .001), and students’ final grades (ρ = .927; p < .001). Moreover, the 

hypothetical grades are not statistically significantly different from the written 

grades (W = 30.0; p = .824; effect size r = .091). However, they are higher than the 

oral (W = 159.5; p = .007; effect size r = .679) and final grades (W = 84.0; p = 
.032; effect size r = .600). 

A COMPARISON BETWEEN THE TWO FUZZY                                         

GRADING METHODS 

We have shown that the CoG method produced hypothetical grades that are 

statistically lower than students’ final grades, while the MoM method of grading 

produced grades that are statistically higher than students’ grades. There is, 

however, a difference of .553 (SE = .079) between the two; the CoG (M = 7.77; SD 

= 1.64; Mdn = 8) method is stricter than the MoM (M = 8.32; SD = 2.05; Mdn = 9) 



Doz, D., Felda, D., Cotič, M.: Using Fuzzy Logic to Assess Students’ Mathematical... 

„Наука и образовање – изазови и перспективе” • стр. 263–278 

 

274 

 

grading method (W = 392; p < .001; effect size r = .929). In other words, the grades 

obtained with the MoM method are statistically higher than those obtained with the 

CoG method. The correlation between the two variables is strong and positive (ρ = 

.958; p < .001). 

DISCUSSION AND CONCLUSIONS 

The aims of the present research were to analyze how two fuzzy-logic–based 

assessment methods (CoG and MoM) differ from the traditional teachers’ 

assessment. After an initial screening of the sample, we fuzzified students’ grades, 

applied inference rules, and defuzzified the results using both CoG and MoM 

methods. Our first research question was concerned with the CoG hypothetical 

grades, which we aimed to compare with the traditional grades. The first thing we 

might notice is that the CoG method produces statistically lower grades than their 

original final and written grades, while there are no statistically significant 

differences between the CoG method and the oral grades. Moreover, the grades 

produced with this method range from 2 to 9. This fact is particularly disturbing, 

since students who got a 10 (i.e., the highest possible grade) in both their oral and 

written evaluations (and, thus, got a 10 as their final grade), would get only a 9 when 

assessed with the CoG method. The reason for this discrepancy between the 

common-sense and the fuzzy-logic results might be found in the fuzzy grades being 

highly dependent on the choice of membership functions, inference rules, and 

defuzzification rules (Semerci, 2004). Hence, a different choice of fuzzification and 

defuzzification methods is needed to guarantee a fairer assessment of students’ 

knowledge (cf. Close, 2009). Nevertheless, students’ CoG hypothetical grades are 

highly correlated with students’ final grades, their oral and written grades; thus, this 

method produces grades that are somewhat similar to students’ real ones. 

Our second research question was concerned with whether the MoM 

hypothetical grades differ from the traditional grades. The MoM grades are highly 

correlated with students’ traditional achievements, and they are statistically higher 

than the students’ oral and final grades, but they do not differ statistically 

significantly from the students’ written grades. Contrary to what happened with the 

CoG grades, the MoM grades range from 1 to 10, and students who had both a 10 as 

the oral and written grade, would also get a 10 in their hypothetical grade. Thus, this 

method produced grades that are in accordance with what we would expect from a 

fair grading standard (cf. Close, 2009). 

Interestingly, the CoG method is more parsimonious than the MoM grading 

method. The reason why this occurs lies in the very definitions of these two methods 

(Bai & Wang, 2007). Moreover, both methods correlate more highly with students’ 

written grades than with their oral grades. This is in contrast with what happens with 

real final grades, which correlate more to the oral grades than to the written ones. 
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This observation answers our third research question, which queried possible 

differences between these two assessing methods. Overall, our research has 

highlighted that using the CoG defuzzification method, higher-achieving students 

were penalized, similarly to what was found by Petrudi and colleagues (2013), and 

also coherent with the findings of Kumari and colleagues (2017). Thus, the CoG 

method, in our case, is unfair. On the other hand, the MoM defuzzification method 

represents a fairer grading method despite its tendency to increase students’ grades. 

LIMITATIONS AND FUTURE WORK 

The present work is not without its limitations. An obvious limitation of the 

research concerns the small cardinality of the sample used. Future research could try 

to replicate our research using bigger samples. Furthermore, the definition of the 

membership functions represents an additional issue, since the choice highly 

depends on the users’ experiences. Moreover, the definition of the inference rules is 

also chosen by the user. Thus, there is no obvious rule to govern the selection. Our 

results confirm that the final grades are sensitive to the choice of membership 

function and inference rule, but that sensitivity remains to be quantified. Additional 

research is thus needed to determine how different membership functions would 

impact the final grade. 

Despite the abovementioned limitations, our paper showed how a new 

method of grading students’ mathematical knowledge using fuzzy logic might be 

implemented to combine teachers’ written and oral grades. Future research might 

examine the possibility of expanding the presented method to other subjects as well. 

For instance, in a science course, there might be an opportunity to include written, 

oral, and practical assessments. In countries with project-based assessment, long-

thinking, creative, idea-developing, open-ended learning process may be combined 

with the constrained setting of formal examinations. This might also be extended to 

the combination of group-based knowledge with individual knowledge (including 

team-based learning of mathematics). 
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КОРИШЋЕЊЕ ФАЗИ ЛОГИКЕ ЗА ПРОЦЕНУ МАТЕМАТИЧКОГ                 

ЗНАЊА УЧЕНИКА 

Резиме 

Процена математичког знања ученика важна je јер ученицима, васпитачима 

и родитељима пружа информације о математичким компетенцијама ученика. У 

Италији, неки ученици добијају писмене и усмене оцене из математике на крају 

првог семестра да би се затим израчунала њихова аритметичка средина и добила 

коначна оцена. Ипак, могућност добијања коначне оцене методама фази логике 

још увек није опширно истражена. У овом чланку, имали смо за циљ да тестирамо 

метод процене математичког знања ученика уз помоћ математичке теорије фази 

логике, која је у великој мери коришћена у случајевима несигурних или вербалних 

описа. У истраживању смо разматрали узорак од N = 47 италијанских средњошко-

лаца и кроз употребу фази логике анализирали њихове оцене. Налази показују да 

су хипотетичке оцене ученика добијене методом одмагљивања центра гравитације 

ниже од оцена ученика у њиховим извештајима, док је метод средње максималне 

вредности дефузификације дао оцене које су више од првобитних оцена ученика. 

Кључне речи: процена, дефузификација, фузификација, фази логика. 


